Columbia University in the City of New York
Optimization Methods for Machine Learning SCRIBE

Instructors: Satyen Kale
Authors: Gurpreet Singh

Email: gurpreet.s@Qcolumbia.edu

CONVERGENCE ANALYSIS OF SVRG

1. Recap

In the last lecture we discussed Stochastic Variance Reduced Gradients (SVRG) approach to

finite sum minimization. The algorithm for SVRG is given in algorithm box 1.

Algorithm 1: Stochastic Variance Reduced Gradients

1. Start with arbitrary x(()o)

2. Fork=0,1...K —1

(a) Set x¢ = X((]k), compute V f(xg) = %Z;;l Vgi(x0)
ort=20,1...T —1:
(b) F , T
i. Sample 4; uniformly at random from {1,2,...,n}.
il. Set
Xi41 = X¢g— 1 (Vgit (x¢) — Vgi,(x0) + Vf(xo))
(c) Set X(()]H—l) = % th:1 X4

3. Output x(()K)

To motivate SVRG, note that the gradient estimator used in the inner loop is unbiased:

Lemma 15.0.1 We have
E [V, (xt) = Vgi,(x0) + Vf(x0) | xt,%¢—1...,%x0] = V[f(x¢)

ig~[n]



Proof. We can write the expectation as

ZtN[n]

E [Vgi(x:) = Vgi,(x0) + Vf(x0) | xt,%-1...,%x0] = %Z (Voi(x:) = Vgi(xo) + V(x0)
=1
= L3V - -3 Vailxo) + V(o)
i=1 =1

1 n
= - ; Vgi(x¢)

= Vf(xt)

In the next section, we will look at the convergence of SVRG.

2. Convergence of SVRG

(k)

Fix an epoch & (i.e. condition on x;”).
Following the same route as in the case of vanilla GD, we can write
* x |2 * |2
2 F(xe) (xe = %) < E[[lxe = x"* x| = [ xeen =% [P+

PE [ || Vi (x1) — Vi (x0) + V £ (x0) |

Also, using the strong convexity of f, we can write
2n (f(xt) — f(x*)) < (1-=na)E {H x; — x* H2 ‘xt} — H Xpi1 — X H2+

PE [ || Vi (x1) — Vs (x0) + V f (x0) ||

Taking expectation on both sides, we have
2nE {(f(xt) — f(x*))} < (1-na)E [th —x* Hz} —E |:HXt+1 —x* H2] +
B [ || Vg (x1) = Vg (x0) + V£ (x0) |||
Summing over t =0...7T — 1, we get
T T-1
ZQnE [(f(xt) — f(x*))} < (I1-na)E {HXO —x* H2] —E [HXT—X* Hz] —naZE {th —x* HQ} +
t=0 t=0

-1

~

E [ || Vo1, (x1) = Vs (x0) + V £ (x0) ||

Il
o

Dropping the negative terms, we get

XT:%E [(fox0) = )| < = na) B [[|x0 —x"|*] +
t=0

-1

~

n’E [ | Vgi, (x¢) = Vgi, (x0) + V f (x0) HQ]

Il
=)
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Since the gradient estimator is unbiased, we can write the above as

T T-1
2E {Zﬂxt)f(x*)] < (1=na)E | xo—x|*| + 2 B || Vi) ] +
t=0 t=0

T-1

SB[ || Vi, (x0) = Vi (x0) + Y (x0) = V£ x0) ||
t=0

Again following the vanilla analysis, we can say that if n < %, then we have

S IV560 7] < BLAG) = fxe)]

Putting this in the original equation, we get

T
2nE |:Zf(xt+1)f(X*)] < (1_770‘)E[HX0_X*H2}+
t=0

T-1

PE [ || Vi, (x0) — Vi, (x0) + Y (x0) — V5 ) |
t=0

Now notice that for a random vector X, we always have E [H X-E[X] ||2} < E [|| X ||2}

Therefore, we have
E [H Vi, (tt) — Vgi,(x0) + V f(x0) — V f(x¢) H2 |Xt,X0} E [H Vi, (x¢) — Vgi,(x0) H2 {Xo,Xt}

— E [H Vi, (6) — Vi, (x0) + V f(x0) — Vf(x¢) m E [H Vi, (xt) — Vs, (Xo) }|2]
Also, we can write || x —y ||* < 2(||x||* + ||y )% Therefore, we have

E| || Vi () = Vi, (x0) + V£ (x0) = VS x0) |*]| < E ||| Vgioloxe) = Vg, () |*] +

E [ || Vg (x0) = Vg, (x) |

IN

IN

Suppose we define g;(x) = g;(x) — Vg(x*)" (x — x*). Then, we have
Vii(x) = Vgi(x) — Vgi(x¥)
Vzgi(x) = Vzgi(x)
The above implies that g; is also S-smooth. Therefore, for any y = x — %Vgi (x), we can write
gi(y) < gi(x) 25 Hng H
Also, one can claim that x* is a minimizer of ;. This is because the gradient vanishes at this

point and g; is convex, so X* is a global minimizer. Hence,
= s - 1 - 2
9i(x*) < gi(x) — 35 | Vai(x) ",
or, equivalently using the definition of §;, we have
IVgi(x) = Vgi(x)I* < 28(gi(x) = Vgi(x*) " (x — x*) — gi(x7)).

Using this, we can write

1996 = Vi) ] < 28 B [0i6) = Vix)" (=) = i)

i~[n
= 28 (f(x) - f(xY))
The above equality uses the fact that It["i | [Vgi(x*)] =V f(xx)=0.

Z~[ J



We can use this bound to simplify the original bound we arrived at.

T
21 [Z F(xee1) — f(X*)] < (1=7a)E ||| x0 —x"|]

t=0
T-1
+ >4 {E[flx) = fx)] +E [ f(x0) - £(x)] }
t=0

We will continue the analysis in the next lecture.
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