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PROPERTIES OF CONVEX FUNCTIONS

1. Recap

This section covers a short recap of the previous lecture where we defined convexity of sets and

functions.
Definition 4.1 (Convex Set) A set S C R? is conver if Y,y € S, YA € [0, 1],

A+ (1-ANyeS

Definition 4.2 (Convex Function) A function f : R - R & C R? is convex if and only if the
epigraph of the function f defined as the set {(z,y) € R¥*! | y > f(z)} is convex.

An equivalent definition is the following:

Definition 4.3 (Convex Function) A function f : R* -+ R S C R? is convex if and only if Vz,y € R?
and VA € [0,1], we have

fOz+(1=XNy) < Af(z)+ (1 =N F(y)

In the following sections, we define some terms that will be used over the course of the lectures and
then we move on to understand what convexity means and some direct results and requirements of

convexity.
2. Definitions

An important inequality satisfied by convex functions is Jensen’s Inequality below which is used

extensively for proving results that follow from convexity of functions.

Theorem 4.1 (Jensen's Inequality) For a convex function f, suppose we have {:Un},]yzl where Vn €
[N], z, € R%, we have {\,})_, such that A, >0 for all n € [N] and > A, =1, then

N N
n=1 n=1



Definition 4.4 (Convex Hull) For a convex set S C R?, the convex hull of S is the smallest convex

set C' C RY such that S C C. For a set S = {xn}N the convex hull of S can be written as

n=1°
N N

Convex Hull (S) = Z)\nznn} Z)\nzl;VnE[N],)\nZO
n=1 n=1

3. Meaning of Convexity

In this section, we discuss some results that follow from the convexity of functions that are differen-
tiable everywhere in the real space. Before moving to that, we shall discuss some basic definitions

required to analyse these results.

Definition 4.5 (Gradient) A gradient of a function f : R — R at point z € R? represented by
V f(x) is given as

of@) of@) of)]"

Vfix) = o, om, " Oug

The second derivate of the function f is known as the hessian matrix of the function f. This is

defined formally as below.

Definition 4.6 (Hessian) The hessian of a function f : RY — R at a point = € RY, represented as

Hy(z) is defined as the second derivative of f at the point x, given as

2 X
Hyx) = V2f(r) = [ng’

)

We are now equipped with enough definitions to look at some results of convexity of functions.

Theorem 4.2 If a function f : R — R is convex and differentiable at € R?, then Vy € R¢ we

have

fly) = fl@)+ V@) (y—2)

Proof. From convexity of f, we have

FA=Nz+Xy) < (L=Nf(z)+Af(y)

— f) + DT g

As we limit A to 0, we have

. f(@) + Ay — )
fim f) + \

= f(x) +Vf(2)'(y — =)



The above follows by considering the directional derivative of f at x in the direction (y —z). Hence,

we have

fy) = f@)+ V@) -2
O

Theorem 4.3 Suppose a function f : R? — R is differentiable everywhere and Vz,y € R, we have

fly) = fl@)+ V@) (y—2)

then f is convex.

Proof. Suppose z = Az + (1 — A)y. Then we can write
fly) = f[(2) + V)Y - 2)
flx) =z f(z) + V() (z - 2)
Therefore, we have
M@ + (= Nf@) > )+ T+ (1= Ny — (A +1- )z
= f@)+ (1 =Nfly) = [z +(1-Ny)

Therefore, f is convex O
4. Convexity and Gradients

Not all convex functions are differentiable everywhere. To overcome this, we define subgradients
that do not require the function to be differentiable and are helpful in defining and analysing the

convexity of functions.

Definition 4.7 (Subgradient) For a function f : R? — R and a point z € R?, a vector g € R? is

called a subgradient of the function f at point x iff

fly) > f@)+g"(y—x)

If f is convex and

(a) if f is differentiable at x, then there is the only one subgradient and that is equal to the
gradient V f(z)

(b) if f is non-differentiable at z, there there exist infinite subgradients.
The notion of subgradients is only defined rigorously for convex functions even though it is possible
for subgradients to exist for non-convex functions.

Example: Suppose we have a function f : R — R defined as f(z) = |z | (note that this function is

convex), we can find the subgradients at different points such as



1. for x = 1, the function is differentiable and hence there is only one subgradient which is equal
toVf(l) = ¢g=1

2. similarly, for x = —1, we have g = —1

3. in this case, we have infintely many subgradients since this is a point of non-differentiability.

sz =0,9g € [—1,1] (refer to figure 1)
This set of subgradients is called sub-differential set.
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Figure 1: Subgradients for f = | x|

Theorem 4.4 If a function f : R — R is convex and twice differentiable at z, then the Hessian of

f at z is a positive semi-definitive matrix, i.e. V2f(z) %= 0.

Proof. From the properties of a convex function, we know Vz,y € R% and VYA € R we have

fle+Xy) = f(z)+AVf(2)'y

Also, using Taylor’s Theorem, we can write

)\2
fle+Ay) = f@) + V@)Y + Sy V()Y
for some « on the line segment joining x and x + Ay. Combining the two equations, we have

7yTV f(v)y

= y"V’f(v)y > 0

0

v

Allowing A to tend to zero, we will have v — x. Hence, we have
= y"Vif(z)y > 0
Since this is true for all values of z,y € R%, we have satisfied the sufficient condition for a matrix

to be positive semi-definite. Therefore, V2 f(x) is positive semi-definite. O

Theorem 4.5 If a function f : R* — R is twice differentiable at all points z € R? and V2f(x) = 0,



then f is convex.

Proof. Similar to last proof discussed, we can write the following Vz,y € R? using Taylor’s Theo-

rem

1
fly) = f@)+ Vi) (y-2)+ 5 - 2)" V) - 2)
for some v € [z,y]. Since the hessian of f at all points is positive semi-definite, the term
(y —2)"V2f(y)(y — x) is positive. Hence, we can write
fy) =z fl@)+ V) (y—=)

From the definition of convexity, we know that the above condition is sufficient to show that f is

convex. O
5. Strong Convexity

In this section we define one more concept of convexity, strong convexity. Strong convexity helps
us provide strict conditions which can be used to do convergence analysis of algorithms which we

will see later.

Definition 4.8 (Strong Convexity) A function f : R? — R is a-strongly convex for some a > 0 if
and only if for all € R?, there is a subgradient g € R? of f at = such that for all y € R?, we have

f@) = f@)+g"y—a)+Slly -z’
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