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PROJECTED GRADIENT DESCENT

In the previous lectures, we have studied the gradient descent algorithm and its analysis under three
conditions. In this lecture, we consider the general convex feasible set K, and propose the projected

gradient descent. In addition, we analyze this algorithm under the same conditions.
1. Projected Gradient Descent

We first introduce the projection operator from R to the feasible set K.

Definition 8.1 The projection operator I : R — K is defined as

g (y) = argmin|ly — ||
reK

Now we are ready to propose the projected gradient descent for general convex feasible set K.

1 Param: n > 0, which is the stepsize;
2 Init: z¢p € K arbitrary;

3 fort=20,1,2,...do

4 | Y =z =V f(20);

5 Ter1 = ke (yer1)
6 end
7 return xzp (or some combination of xg,...,z7)

Algorithm 1: Projected Gradient Descent

2. Analysis of Projected GD

To analyze projected GD, we need the following property of the projection operator.

Lemma 8.0.1 (Version of Pythagoras) For any y € R? and = € K,

ly = z[* > lly — Mr ()l* + Tk (y) — .



Proof. Since Ik (y) is a minimizer of f(x) = ||z — y||? on K, by the first-order condition, we have

V(g ) (z — Ok (y)) = Uk (y) — y)(z — x(y)) = 0.
Hence,
ly — =l = lly — Tx ()| + Mk (y) — > + (y — Mk (y)) Mk (y) — )
> ly = T ()| + [Tk (y) — ]|,

By applying this result with a choice of x = x* and y = y¢+1, we have
lyert = 2(1* = [lyeer — 2o | + lwers — 2" (1)

Now we are ready to analyze projected GD under three conditions. We have
lyes1 — 2|1 = llze =V f (20) = 27> = |l — 2|2 + |V f (@) |* = 20V fe) " (2 — %),
which leads to

1
VI = ot = oo (o= 2 = e = @I + 51V

2.1 fis Lipschitz with constant L

By convexity,

flx) = f(2*) <Vf(ze) (@ —a)

1
=5 (e =2 = llgess = 2°112) + 19 )P

By Equation (1),
* H2

e+ = 217 > Nlges1 = e l® + 21 = 2™° > || — 2™

where z;41 = Ui (yi+1). This leads to

oo L x . n

Fla) = £ < 5 (= oI = e = 27) + 19 @0
Then the analysis is exactly the same as before.

2.2 fis g-smooth

Suppose we run projected gradient descent with n = % We need the following helpful lemma:

Lemma 8.0.2 For xz € K, suppose y = x — %Vf(a:) and o’ = Ik (y). Then,

1) < 5@ = 5 9H @) + Sy -



Proof. By [-smoothness,

Fla) < F(@) + VI @) @ — ) + 0 o — P
— &)+ V1@ (# =y = 595@) + 5 o -y - 195 2
= Yy 3 9 Yy 3
1
— 1@ = IV @ + Sy = |
O
By applying this result with a choice of x = z;, we have
IV F@)l2 < 28(f () — Flenn)) + By — el 2)
Since n = %,
f(zg) — f(2") < 2177 (”% - 5U*H2 — lye+1 — CU*H2> + f(x) — floeg1) + g”ytﬂ - $t+1||2
< o (=1 = s =) + f@1) = Flar)

where the last inequality uses Equation (1). Then we have

f(@e1) = f(2") < 2117 <”$t —a*|* = e — .TU*H2> ,

and the analysis is exactly the same as before.

2.3 fis a-strongly convex and g-smooth

By a-strongly convexity,

fe) = fla*) <V () (@ —a%) = Sl — 2|

1
5 (ot = "I = s = 1) + ZITH @) = 5 e = 2|
< (e =P = llzess = *I12) + ) = flansn) = Gl =2

where the last inequality uses Equations (2) and (1), and the fact that n = % This is

equivalent to
* 1 * * @ *
fla) = ") < o (o =21 = llowss = °IF) = Sllee = a* P Q)
Since f(zry1) > f(x*), the above inequality implies
«
o =12 < (1= 5 ) o= P,
and thus

t
8]
e — 2| < (1—ﬁ) leo — I, (4)



forallt =0,1,...,T. Next, applying (3) tot =T — 1, we get

f@r) = £@*) < 5= (lor—1 = 2|2 = llaz = 2*?) = Sllar—1 — 2|
n 2
< B — *||2

< 5 ller-1—=

. T-1
B 5 o <1 . g) on —CU*H2

T
- 5(1-5) to-=12

IN

2 g
The second inequality follows by using n = % and dropping the non-positive term —g |lxr —

x*||2. The third inequality follows from (4). Setting D := ||xg — x*||, exactly as in the

unconstrained case, after

) , since log(l —z) ~ —z

iterations we can achieve e-sub-optimality.
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